THE PTOLEMAIC INEQUALITY IN HILBERT GEOMETRIES DAVID C. KAY
Let M be a metric space, and if x and y are points in M 9 let ίci/ denote the metric. The space M and its metric are called ptolemaic if for each quadruple of points x { (i = 1,2,3,4) the ptolemaic inequality holds. If the inequality holds only in some neighborhood of each point the space and its metric are said to be locally ptolemaic. Euclidean space is known to be ptolemaic and therefore, locally ptolemaic. We are interested here in certain non-euclidean spaces which may possibly be locally ptolemaic. The author has proved in his thesis (Michigan State University Doctoral Dissertation, 1963 ) that a Riemannian geometry is locally ptolemaic if and only if it has nonpositive curvature, and that a Finsler space which is locally ptolemaic is Riemannian. The main result established here extends the theorem regarding Finsler spaces to include Hubert geometries as well: A Hilbert geometry is locally ptolemaic if and only if it is hyperbolic.
The ptolemaic inequality is related to problems of curvature in metric geometry. Assuming this condition enables one to prove that a curve is a geodesic if and only if its metric curvature is zero at each of its points (see [3] ). Blumenthal has investigated a number of properties peculiar to ptolemaic metric spaces in [2] . It is then significant to determine what metric spaces are ptolemaic. A question which remains unsettled is whether a non-Riemannian G-space (Busemann [4, p. 37] ) can be locally ptolemaic. The result obtained here concerning Hilbert geometries, together with several in the author's thesis lends support to the conjecture that such a space does not exist.
Hilbert geometry is a generalization of the well-known Klein model for hyperbolic geometry. Consider an arbitrary bounded convex body C with nonempty interior D in euclidean space. If x and y be any two points in D, & distance function may be •defined as h(x, y) = k\ log R (xy, ab) where k is a positive constant, a and h are the points of intersection of C with the afϊine line L xy determined by x and y, and R(xy, ab) is 294 DAVID C. KAY the usual (euclidean) cross-ratio. It can be proved that h(x, y) is a metric, and moreover if C is either strictly convex or has the property that all linear triples which it contains belong to the same hyperplane, linearity under h coincides with linearity under the euclidean metric. Hence, the geodesies for h are the portions of affine lines contained in D. The function h is then called a Hubert metric for D and with this metric, D is called a Hilhert geometry.
Let p be any point in D. With the euclidean metric understood, let C be the reflection of C in p. Each ray r from p will cut C and C" in unique points x r and x' r respectively. Define U p as the set of all points u r such that u r e r and 
The problem of existence has been solved in [4, pp. 119-122] 
The following theorem was proved in [6] 2i xΦp, and y Φ p. With p as origin, define the points x λ = Xx and y λ = Xy for each real λ, 0 < λ < 1, where Xx denotes the usual scalar multiplication in euclidean space. Under the local Minkowski metric m(x, y) at p, the triangles determined by the triples (p, x, y) and (V, #λ, Vλ) are similar and thus m(
If a Hubert geometry has the property that the local Minkowski metric at each point is euclidean (that is, its unit sphere is an ellipsoid) we shall say it is locally euclidean. We have an immediate corollary, making use of Theorem 1: COROLLARY 1. A locally euclidean Hίlhert geometry is hyperbolic.
2* Ptolemaic metrics* In [9] Schoenberg has proved that a ptolemaic normed linear space is an inner product space. We may state this in the more pertinent form: THEOREM 
A Minkowski metric is euclidean if and only if it is ptolemaic.
This enables us to prove Since u-^Xu = u λ is a similarity mapping we have It can be shown that for a hyperbolic metric, instead of (4), we have
with equality only when x, y, and z are linear. Inequality (5) in turn implies the ptolemaic inequality as we shall see. This fact may then be used to derive the ptolemaic inequality in hyperbolic geometry. We shall use (5) to derive the more general inequality
for any point m on S yz with λ = mz/yz. Induction will establish (5') for λ a diadic rational μ/2 v where μ and v are nonnegative integers and 0 5Ξ μ 5Ξ 2\ The inequality is clear for the case v -1. Assume it has been proved for all diadic rationale of the form μ/2 κ , K < v, and let μ\2 v be given, excluding the cases μ = 0, μ = 2% and μ even, as trivial. Then, there exist points y' and z f on S yz such that (μ + l)/2 y = ?/^/^ and (μ -1)/2 V = z'zjyz. Since /^ is odd, (μ + l)/2" and (/J -1)12? are diadic rationals of the form ^72 K for K < v and the induction hypothesis implieŝ μ^1 (xyf (6) 
(xz'Y ύ -P-z--
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Since μ/2 u = mz/yz, m is the midpoint of the segment S y , z , and (5) (6), (7) becomes
and induction carries. Then (5') is true for arbitrary real λ, 0 S λ ^ 1.
THEOREM 5. ΓΛβ ptolemaic inequality holds in any metric space D in which the inequality (5) holds, provided the metric is complete and convex.
Proof. The completeness and convexity of the metric guarantees the existence of segments. Moreover, (5) implies the uniqueness of the segment joining each pair of points. Let x, y, z, and w be any four points in D. We must prove that (8) xy-ziv + xz yw ^ xw-yz .
If the four points are not distinct, (8) follows immediately; hence we set aside this case, as well as the case when the four points lie on a segment. In a euclidean plane, the euclidean metric denoted pq, let x\ y', and z' be the vertices of a triangle such that x'y' = xy, x'z' -xz, and ψz' = yz, and let w' be a point such that y'w' = yw, w'z' = wz, and the segment S x , w , has at least one point m' in common with the line L y , z ,. Point m' is determined uniquely since the linearity of x', y', z', and w' would imply that x, y, z, and w lie on a metric segment (see [4] (8) 
which gives us
Remark. This proof applies to G-spaces. Unfortunately, even in G-spaces, it is not known whether (5) characterizes the ptolemaic inequality. It is interesting to note in this connection that Blumenthal has investigated a property he calls the euclidean four-point property which is merely our (5') (or its equivalent (5) in complete convex metric spaces) with equality prevailing (see [1] ).
Theorem 5 then provides an easy proof of THEOREM 6 β Hyperbolic geometry is ptolemaic.
Proof. If xy is a hyperbolic metric, we observe from the cosine inequality (see [4, p. 268] ) that if x, y, and z are the vertices of a triangle and m is the midpoint of S yz , with A one of the angles at m, then 3* Related inequalities. In a G-space the ptolemaic inequality appears to be related to the "curvature" of the space. It can be easily verified that spherical geometry (a space having positive curvature) is not ptolemaic. This illustrates the theorem in the author's thesis that a Riemannian space is locally ptolemaic if and only if its curvature is nonpositive, which leads to the definition: A metric space has nonpositive curvature if and only if the ptolemaic inequality (8) (x, y, z) in that neighborhood, with m y the midpoint between x and y, and m z the midpoint between x and z f the inequality ( 9 ) 2m y m z ^ yz holds, the space is said to have nonpositive curvature. In his thesis the author proposes this definition (making use of inequality (5) holds, the space is said to have nonpositive curvature. F. P. Pederson [8] has investigated still a different concept of nonpositive curvature and relates it to (9) . Relatively little is known concerning the various implications which may exist among these concepts of curvature. The seemingly stronger (10) is shown to imply (9) in [4, pp. 268-269] . Our Theorem 5 shows that (10) implies (8) (locally). In Riemannian spaces they are each equivalent to nonpositive Riemannian curvature, but the situation is completely unsettled in Finsler geometry. In view of our Corollary 2 and the theorem of P. Kelly and E. Strauss [7] that a Hubert geometry has nonpositive curvature in the sense of (9) if and only if it is hyperbolic, we may conclude (trivially) that the conditions (8) , (9) , and (10) are equivalent in Hubert geometries. It would be of interest to determine further implications-if such existamong (8) , (9) , and (10) Mathematical papers intended for publication in the Pacific Journal of Mathematics should be typewritten (double spaced). The first paragraph or two must be capable of being used separately as a synopsis of the entire paper. It should not contain references to the bibliography. Manuscripts may be sent to any one of the four editors. All other communications to the editors should be addressed to the managing editor, Richard Arens at the University of California, Los Angeles, California 90024. 50 reprints per author of each article are furnished free of charge; additional copies may be obtained at cost in multiples of 50.
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